Exact Solutions of G-invariant Chiral Equations 

by 

Tonatiuh Matos 

Centro de Investigation y de Estudios Avanzados del I.P.N. 
Apdo. Postal 14/740, 07000 Mexico D.F. 



0\ , Abstract 

\ We give a methodology for solving the chiral equations (cxg,z9~ 1 ),z+{ a g,z9~ 1 ),z = 

^| where g belongs to some Lie group G. The solutions are writing in terms of Harmonic 
maps. The method could be used even for some infinite Lie groups. 

S : 
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One of the most important set of differential equations in mathematical physics is 
perhaps the chiral equations. The most popular of them are the SU(N)-invariant one. In 
■ general relativity chiral equations appear very often for the groups SU(1,1), SU(2,1), SL(2, 
R) etc. [1] . One of the first aproaches for solving them is by means of the Inverse Scatering 
^ \ Method (ISM), given by Belinsky ans Zacharov [2]. They gave a Lax Pair respresentation 
of the chiral equatons and solve them using the ISM. An equivalent aproach using the 
polinomial ansatz is given in ref [3]. In this last work we used the generalized Backhand 
transformations for finding exact solutions of the chiral equations. 

Recently, Hussain [4] showed that self or antiself dual gravity reduces to chiral 
equation-like systems but the group remain here infinite. Algebra brackets are replaced by 
Poisson brackets and all of these methods mentioned above can not be aplied in this case. 
. £h ! In this paper we generalize the method of Harmonic maps for solving the chiral equations 
for all Lie groups. All the solutions obtained by the ISM or by Backlund transformations 
can be derived with this method choosing the Harmonic map conveniently. For example, 
all the solutions found by ISM in general relativity can also be derived by this mathod 
[10]. With the method of Harmonic maps th e solutions apear clasified in classes naturaly. 
The solutions can be given in terms of arbitrary harmonic maps and the method can be 
used even for infinite groups. 

Let g be a mapping g : C ®C — > G, g — > g(z,z)eG, where G is a paracompact Lie 
group. 

The chiral equations for g 

{ug, z g~ l ).z + {ag^g' 1 )^ = (1) 

(a 2 = det g) are a set of non-linear, coupled, second order partial diffeential equations 
that appear in many topics in physics. Normally g(z, z) is given in a representation of 
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G. One of the most important features of the chiral equations is that they can be derived 
from the Lagrangian. 

£ = atr {g, z g~ x g^g~ x ). (2) 

This Lagrangian represents a topological quantum field theory with gauge group G, 
then it is of great interest to know explicit expression of the elements geG in terms of the 
local coordinates z and z. 

Let G c be a subgroup G c C G such that ceG c implies c 2 = 0, c z = 0. Then equation 
(1) is invariant under the left action L c of G c over G. We say that the chiral equations (1) 
are invariant under this group. 

Proposition 1. Let (3 be a complex function defined by 

and (3 : z with z in place of z. If g fulfills the chiral equations, then (3 is integrable. 
Proof. (3, zz = (3 :ZZ . 

Let Q be the corresponding Lie algebra of G. The Maurer-Cartan form u g of G defined 
by uj g = L g -i*(g) is a one-form on G with value on Q,u g eT*G <8> ^(T X M represents the 
tangent space of the Manifold M at the point x). Let us define the mappings 

A z :G -± G 

g ^«(») = 

A- :G -± g 

_i (4) 
If is given in a representation of G, then we can write the one- form u(g) = u g as 

uj = A z dz + A-dz (5) 

We can now define a metric on Q in a standard manner. Since u g can be written as 
in (50), the tensor 

I = tridgg- 1 ® dgg- 1 ) (6) 

on G defines a metric on the tangent bundle of G. 

Theorem 1. The sub manifold of solutions of the chiral equations S C G, is a 
symmetric manifold with metric (6). 

This theorem was proved by Neugebauer and Kramer in reference [5] and we will only 
outline here the proof. 
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Proof. We take a parametrization A a a = 1, • • • n, of G. The set {A a } is a local coordi- 
nate system of the n-dimensional differential manifold G. In terms of this parametrization 
the Maurer-Cartan one form uj can be written as 



uj = A n d\ 



a 



(7) 



where A a (g) = (jjj^g)g 1 . The chiral equations then read 



V b A a (g) + V a A h {g) = 



(8) 



with 



V a the convariant derivative defined by (6). 



One infers the relation 




■](<?)■ 



(9) 



With this, one can calculate the Riemannian curvature TZ of (6). Their components 

read 



([a, b] means index commutation) this can be done, because G is a paracompact manifold. 
It follows that VIZ = 

Proposition 2. The function a = det g is harmonic. 

Proof. The trace of the chiral equations implies a :Z g = 0. 

In the following we will explain the method for calculating explicit chiral field. 

Let V p be a complete totally geodesic submanifold of G and let {X 1 } i = 1, • • • ,p be 
a set of local coordiantes on V p . Because we know the Manifold G, it is possible to know 
V p . In fact V p is a subgroup of G and since V p is a complete totally geodesic submanifold, 
V p is also symmetric. The symmetries of G and V^, are in fact isometries, since both of 
them are paracompact manifolds, with Riemannian metrics (6) and ij respectively, (i is 
the restriction of V p into G) . Let us suppose that V p possesses d isometies. Thus 



Rabcd = -tr(A [a A b] A [c A d] ) 



(10) 




(11) 



ijk 



where Y l - k are the Christoffel symboles of i*l and A* are the totally geodesic parameters 
onVp. In terms of the parameters A* the chiral equations read 



V i A J (g)+V J Mg) = 



(12) 
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where Vj is the covariant derivative of V p . Equation (12) is the Killing equation on V p 
for the components of Ai. Since we know the manifold V p , we know its isometries and 
therefore its Killing vector space. Let £ s , s = 1, • • • , d, be a base of the Killing vector space 
of V p and V s be a base of the subalgebra corresponding to V p . Then we can write 

Mg) = Y,Cr s (is) 

s 

where £ s = ■ £J -^j . The covariant derivative on V p is given by 

V j A i {g) = ~[A it A j ]{g) (14) 
where Aj fulfills the integrability conditions 

F tj = VjMg) - ViMg) - \ a jAM = o (is) 

i.e., Ai has a pure gauge form. 

The left action of G c over G, L : G c x G — ^ G must be defined in a convenient manner 
in order to preserve the properties of the elements of S. 

Knowing {£ s } and {r s } one could integrate the elements of S, since Ai(g)eQ can be 
mapped into the group by means of the exponential map. Nevertheless it is not possible 
to map all the elements one by one. Fortunately we have the following proposition. 

Proposition 3. The relation A\rAi iff there exist ceG c such that A c = A o L c , is an 
equivalence relation. 

Proof. Trivial. 

This equivalence relation separates the set {Ai} into equivalence classes [Ai]. Let 
TB be a set of representatives of each class, TB = {[Ai]}. Now we map the elements of 
TB C Q into the group S by means of the exponential map or by integration. Let us define 
B as the set of elements of the group, mapped from each representative B = {geS\g = 
exp(Ai), AitTB} C G. The elements of B are also elements of S because Ai fulfills the 
chiral equations, i.e.B C S. For constructing all the set S we have the following Theorem. 

Theorem 2. (S, B,n,G c , L) is a principal fibre bundle with projection n(L c (g)) = 
9; L(c,g) = L c (g). 

Proof. The fibres of G are the orbits of the group G c on G, F g = {g'eG\g' = L c (g)} 
for some geB. The topology of B is its relative topology with respect to G. Let dp be the 
bundle ap = (G c x U a U a , n), where {U a } is an open covering of B. We have the following 
lemma. 

Lemma 1. The bundle «i? and a = {TT~ 1 (U a ),U ct %\ 1T -i(u a )) are isomorphic. 
Proof. The mapping 
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Tp a : (p 1 (U a ) = {geS\g' = L c (g), geU ce } ceGc -± G c x U a 



is an homeomorphism and 7r\ n -i 



g' tpa(g') = (c,g) 
(u a )(g') =9 = ^2 0ip a (g'). 



By lemma 1 the bundle a is locally trivial. To end the proof of the Theorem it is 
sufficient to prove that the G c spaces (S,G C ,L) and (G c x U a G c S), are isomorphic, but 
that is so because 



With this theorem it is now possible to explain the method. 

a) Given the chiral equations (f), invariant under the group G, chose a symmetric 
Riemannian space V p with a d dimensional isometry group H C G, p < n = dim G. 

b) Look for a representation for the corresponding Lie Algebra Q compatible with the 
commutating relations of the killing vectors, via equation (14). 

c) Write the matrices Ai(g) explicitly in terms of the geodesic parameters of the 
symmetric space V p . 

d) Use proposition 2 for finding the equivalence classes in {Ai} and choose a set of 
representatives. 

e) Map the lie algebra representatives into the group. 

The solutions can be constructed by means of the left action of the G c group into G. 
Let us give an example. Suppose G = SL(2, R). 

a) We choose the one dimensional space V\ with ij, = d\ 2 . It is Riemannian and 
symmetric with one killing vector 

b) The algebra s/(2,R) is the set of traceless and real 2x2 matrices. The Killing 
equation reduces to the Laplace equation (a\ jZ ) ^ + {ol\z), z = 0. 

c) Using (14) we obtain 



d) The representative of the set of trasless and real constant 2x2 matrices {Ai} is 



S o id\ Gc xip a = %l) ct o L\ Gc 



1 {u a ) 



g^xg = A = constant. 
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(see also ref. [6]). 



e) The mapping of the Lie algebra representatives can be done by integration of the 
matrix differential equation 

g,\ = [Ma- 

The solutions depend on the characteristical polynomial of [Aj\. We obtain three 
cases: a > 0, a < 0, a = 0. For each case the matrix g reads 



a>0 g = b( 1 % )e aX + c( 1 2 ° ] e" a \ Abca 2 = 1 

a<0 g = b( ™>(f + 1>o) -asin(a\ + ^)\ 2^ = _ x 
y — asin(a\ + ip®) —acos(aX + ipo) J 

fbX + cb\ , 2 -, 

a = <7=(^ ft Q j 6 =-1 

where a, 6, c and are constants. So, for each solution A of the Harmonic equation 
(aX^z), z + («A ;2 )^ = we will have a new solution of the chiral one. The left action of 
SL C (2, R) over SL(2, R) is represented as 

g' = CgD 

where C, DeSL c (2, R). g' will be also a solution of the chiral equations. 

If we choose a V2 manifold we can fiend an other class of solutions. All V2 manifold 
is confer mally flat, therefore the metric on V2 reads 

dl 2 dTdX 



(I + kXzf 



But V2 symmetric implies k =constant. A V2 manifold with constant curvature has 
three Killing vectors. Let 



^ = W2 [(kr 2 + l)dX + (kX + l)dr] 

f 2 = ^ l~ rdX + XdT ^ V = l + kXr 

^ = ^[(kr 2 -l)dX + (l-kX 2 )dr] 

be a base of the Killing vector space of V2. The correspondings commutation relations of 
the dual vectors are 
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[r\r 2 ] = -4£T 3 (16) 

[r 2 ,r 3 ] = Akv 2 
[r 3 ,]? 1 ] = -at 2 

We have to put k = — 1 in order to have the commutation relations of sl(2,R). A 
representation of sl(2,R) : compatible with (16) is 




ab= 1 



Then equation (13) reads 



-i A 1 ( r 2 -l b(l-r) 2 \ 
g + 9 =Ax= V^{-a(l + r) 2 1-r 2 ) 

-i _ a _ 1 ( A 2 -l 6(1 - A) 2 \ 

9,r9 - A r-y^^_ a{1 + X) 2 X _ X 2 J 

wich integration is 

fl= 1 Ml-A)(l-r) e(r-A) A 
5 1-Ar V e ( r " A ) d(l + A)(l + r) y l 

cd = —e , a = -, 6 = — - (17) 
c a 

The harmonic equation on V2 reads 



(«A + (o;A^) )2 + - — — a\ z \z = 

4A 

(ar z ),z + (ar z ) iZ + - - — ar tZ T^ = (18) 

So, for each solution of (18) into (17) we fiend a new solution of the chiral equations 
ioiSL(2,R). 

A general algorithm of integration even for the Lie Algebra sl(N, R), is given in [7]. 
The explicity example for SL(4, R) is presented in ref. [8]. The application of the method 
for infinite groups will be published elsewhere [9]. 
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